Quasicrystals are aperiodic structures with long-range orientational order. Unlike crystals, quasicrystals can, in principle, possess any non-crystallographic rotational symmetry. However, only a few of these rotational symmetries have been observed. By using Monte Carlo simulations of colloidal particles in laser interference patterns with quasicrystalline symmetry, we compare the onset of quasicrystalline order for different rotational symmetries in two dimensions. We find that quasicrystals with 5-, 8-, 10-, and 12-fold rotational axes can be induced with lower laser intensities than quasicrystals with other non-crystallographic rotational symmetries. We relate this finding to the number of local symmetry centers in the respective interference patterns.
Introduction
While all crystals possess 2-, 3-, 4-, or 6-fold rotational symmetry due to their periodicity, quasicrystals, in principle, may exhibit any non-crystallographic rotational symmetry. Quasicrystals are not periodic; however, they still possess long-range positional and orientational order. Quasicrystals can be realized in many different systems. For example, they were found in metal alloys [1] as well as in assemblies of polymers [2] or colloidal nanoparticles [3] .
Interestingly, almost all observed quasicrystals have either 5-, 8-, 10-, or 12-fold rotational symmetry [4] . To the best of our knowledge, the only exception found so far is an 18-fold rotational axis in a quasicrystal that consists of micelles and whose discovery was recently reported by Fischer et al [5] . The rotational symmetry of crystals and quasicrystal can be classified according to the so-called rank D, which is the number of incommensurate wavevectors that span the reciprocal lattice of a structure with long-range positional order [6] . In d dimensions, crystals have rank D = d, while quasicrystals with 5-, 8-, 10-, or 12-fold rotational symmetry have rank D = 2d. For quasicrystals with other rotational symmetries, D ≥ 3d. Therefore, almost all of the observed two-dimensional quasicrystals have rank D = 4, while the 18-fold structure found by Fischer et al is the only quasicrystal that contains two-dimensional layers with D > 4. Note that all quasicrystals with n-fold rotational symmetry where n ≥ 7 must consist of periodically stacked layers with quasicrystalline symmetry [7] . Therefore, a better understanding of the differences between two-dimensional quasicrystals with rank D = 4 and those with D > 4 might lead to a deeper insight into the question of why only a few rotational symmetries have been found for quasicrystals [4, [8] [9] [10] .
Colloidal particles are widely employed as a model system for studying ordering, crystallization, and the dynamics of particles in an external potential [11] . If subjected to laser fields, colloids are forced into the direction of highest light intensity [12, 13] . Therefore, interfering laser beams can be used to induce complex structures in a charge stabilized colloidal suspension [14] . Since the interference patterns created by 5 or n laser beams, where n ≥ 7, possess quasicrystalline symmetry, such light fields act like a substrate that supports quasicrystalline ordering of the colloids [10, [15] [16] [17] [18] [19] [20] .
Mikhael et al experimentally studied the ordering of colloidal particles in laser fields realized with five or seven laser beams [10] . They discovered that for low laser intensities, quasicrystalline order of the colloids only occurs close to local symmetry centers while overall quasicrystalline behavior is found for sufficiently large laser intensities. Interfering laser beams create a light field with a global symmetry center, which is the point where all laser beams are exactly in phase. A local symmetry center is a small region in the light interference pattern that is similar to the area around the global symmetry center. In the interference pattern of five beams one finds much more local symmetry centers than in the pattern of seven beams. Therefore, the laser intensity needed to induce quasicrystalline order is much lower in the case of five laser beams as compared to that for seven laser beams. In general, the frequency of local symmetry centers strongly depends on the rank of a quasicrystal. To be specific, the frequency of symmetry centers in quasicrystals with rank D > 4 is smaller by at least one decade than the frequency in any quasicrystal with D = 4 [10] . Hence, the small number of local symmetry centers in quasicrystals with D > 4 might make it difficult to grow these structures.
In this work we employ Monte Carlo simulations to study colloidal ordering on quasicrystalline substrates that correspond to light fields created by n interfering laser beams. For all quasicrystalline patterns with n ≤ 13, we determine how the amount of quasicrystalline order depends on the substrate strength. We find that quasicrystals with rank D = 4 occur at much lower substrate strength as compared to the quasicrystalline order on substrates with D > 4. We also show that local symmetry centers act as nucleation points for quasicrystalline order and, therefore, the existence of a sufficient number of symmetry centers really is a key element in the quasicrystalline growth process.
In section 2 we introduce and explain our system in detail. The fluid-to-quasicrystal transition is studied in section 3, while in section 4 we start from triangular colloidal ordering at vanishing substrate strength. In section 5 we relate our results to the number of local symmetry centers in the quasicrystalline substrates. Finally, we conclude in section 6.
The model
We consider a charged stabilized suspension that is confined between two glass plates. The repulsive electrostatic interaction between the colloidal particles is given by the pair potential of the Derjaguin-Landau-Verwey-Overbeek theory [21, 22] ,
where r is the distance between two colloids, κ the inverse Debye screening length, R the radius of a colloid, Z * its effective surface charge, and r the dielectric constant of water. Except for density and screening length, the parameters are chosen as in [18] , i.e., R = 1.45 µm, Z * = 400 000, r = 78, T = 300 K. For the results presented in section 3, the screening length is set to κ −1 = 0.2 µm such that the system is fluid without an external potential. In section 4 the transition of a triangular solid into a quasicrystal is studied and therefore a larger screening length κ −1 = 0.3 µm is chosen such that the system is in the triangular phase at zero substrate strength. The mean particle distance is set to a S = 6.5 µm and the length scale of the potential is a V = 2π/|G j | = 7.5 µm. We therefore avoid additional phases at intermediate substrate strength such as the Archimedean-like tiling, which is found at special densities [16, 18] , or the phase with 20-fold bond orientational order, which occurs on a decagonal substrate at low densities [17] .
The substrate potential corresponds to the interference pattern of appropriately arranged laser beams as shown in figure 1 . The potential then reads [15, 23] 
where G j are the projections of the wavevectors of the laser beams in the sample plane (cf figure 1(b) ) and V 0 is chosen such that V(r) = −V 0 at the position of the deepest minimum. figure 1(b) ).
In the following, we present results of Monte Carlo simulations according to the Metropolis algorithm [24] . In all simulations the system is first equilibrated for one million Monte Carlo steps before the quantities of interest are determined by averaging over 100 configurations that we determine with 10 000 steps between two subsequent configurations. The simulation box contains 3844 colloids and is quadratic with a side length of 50a V . We assumed periodic boundary conditions for the colloids. Since the substrate is not periodic, it is discontinuous at the box boundaries. Therefore when evaluating the particle positions we neglect all colloids close to the boundaries because their positions might be distorted by the discontinuities.
The fluid-to-quasicrystal transition
We first consider a system that is fluid without an external potential. We study how quasicrystalline order is induced depending on the number of laser beams by means of which the substrate is realized and the strength of the substrate. The quasicrystalline order is quantified by means of the bond orientational order parameter (cf [17] )
where θ jk is the angle of the bond connecting colloids j and k with respect to some arbitrary reference direction, n j is the number of nearest neighbors of colloid j, and N is the total number of particles. For n laser beams the substrate has 2n-fold rotational symmetry if n is odd and n-fold symmetry if n is even. Therefore we calculate ψ m with m = 2n for an odd number n of beams and with m = n if n is even. Furthermore, in order to compare the bond orientational order parameter ψ m for substrates with different symmetries, we divided ψ m by the bond orientational order parameter ψ To explore the influence of local symmetry centers, which are also known as flowers [19] , we calculated the bond orientational order parameter only for bonds where one colloid is close to a symmetry center (see figure 3(b) ). Local symmetry centers can be recognized by their deep central minima. Therefore, we considered colloids to be close to a symmetry center if the potential values V(r) at their positions were smaller than −0.7V 0 . Unlike the overall bond orientational order parameter, the quasicrystalline order close to symmetry centers does not show a clear dependence on the rank of the substrate potential. To achieve a local quasicrystalline structure in the vicinity of a symmetry center, a low substrate strength is sufficient for all substrates studied.
The triangular solid-to-quasicrystal transition
We adjust the parameters here such that the colloids form a triangular lattice for vanishing substrate strength V 0 = 0. Figure 4 then shows the bond orientational order parameter ψ 6 that quantifies the amount of triangular ordering in a colloidal system. If subjected to a substrate, the triangular order survives at a low substrate strength. However, if the substrate strength is increased, the triangular order is destroyed and a new structure determined by the substrate is induced. According to figure 4, triangular order is demolished most efficiently by quasicrystalline substrate potentials with rank D = 4. Substrate potentials with D > 4 require larger strengths to affect the triangular structure.
The importance of local symmetry centers
Figure 5(c) shows the fraction of deep minima since it is a measure for the number density of local symmetry centers [10] . The density of symmetry centers strongly depends on the rank. To be specific, for the substrates studied, the fraction of deep minima differs by at least one order of magnitude between patterns with different ranks. The differences in the density of symmetry centers are already apparent in figure 2. On the one hand, quasicrystalline patterns with rank D = 4 (second row in figure 2) exhibit many local symmetry centers, i.e. local structures that are similar to the global symmetry center (marked by a red circle). On the other hand, patterns with rank D = 6 (third row in figure 2) only show a few local structures that look like distorted symmetry centers. For D ≥ 6 (bottom row) no symmetry centers aside from the global symmetry center can be found in the depicted area.
In figure 5 we compare the density of local symmetry centers to the induced quasicrystalline colloidal ordering on substrates with strength V 0 /k B T = 200 ( figure 5(a) ) for the system studied in section 3 and to the loss of triangular order on a substrate of the same strength ( figure 5(b) ) when the system is triangular at zero potential strength (cf section 4). Interestingly, all quantities depicted in figure 5 can be grouped according to the rank of the substrate pattern. For a quasicrystal with many local symmetry centers (rank D = 4), the quasicrystalline order depicted in 5(a) and the loss of triangular order shown in 5(b) are larger than those for other substrates.
Note that the rank D of the pattern generated by n interfering laser beams is equal to the value of Euler's totient function ϕ(n) (cf [10] ; see also the second row of the labels on the x-axis in figure 5 ). It is defined as the number of positive integers that are less than or equal to n and that are coprime with n, i.e., the greatest common divisor of these numbers and n is 1.
Conclusions
Using Monte Carlo simulations we studied how the rotational symmetry of different quasicrystalline substrates determines the induced quasicrystalline ordering in a colloidal monolayer. We are able to confirm the experimental findings for colloids in decagonal and tetradecagonal laser fields presented in [10] and to generalize them to substrates that correspond to interference patterns of up to 13 laser beams. We find that the amount of quasicrystalline order mainly depends on the rank D of a substrate pattern. While quasicrystalline colloidal ordering occurs at low strengths in substrate potentials with rank D = 4, a larger substrate strength is needed when D > 4. The main reason for this difference seems to be the low number of local symmetry centers in quasicrystals with rank D > 4. In future, in order to better understand why most of the observed quasicrystals in nature have rank D = 4, it might be interesting to study how important local symmetry centers are in other systems, e.g., in atomic quasicrystals or in colloidal systems that form intrinsic quasicrystalline structures due to a special pair interaction potential [25] [26] [27] . In particular, a detailed investigation of the growth dynamics should reveal the role of local symmetry centers in such intrinsic quasicrystals. For example, in the case of a layer by layer growth process we expect the local symmetry centers to affect the order of the particles in a new layer in a similar way to in the colloidal system.
